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Abstract 

Let a{z) be a meromorphic function having in the disk \z\ < R precisely A 
poles. In this work for the (A — l)th row of the Pade table of a(z) the set of uniform 
convergence is explicitly obtained. The present note is a supplement to the previous 
work of the author (J. Approx. Theory, 123(2003), 160-207). 

In the theory of uniform convergence of the Pade approximants the prin- 
cipal question is if the presence of hmit points of poles for a sequence of the 
Pade approximants in the disk T> is the unique obstraction for the unuform 
convergence of the sequence on compact subsets of T>. For the diagonal 
sequence the affirmative answer has been given (under some normality con- 
ditions) by A. A. Goncar p. 

In the paper [^j it was found all limit points of poles of the Pade approx- 
imants for the row known as the last intermediate row of the Pade table for 
a meromorphic function. In the present note we are going to show that limit 
points of poles for this row are also the unique obstraction for the uniform 
convergence. Thus taking into account the results of we can obtain the 
set of uniform convergence for the last intermediate row. 

Recall relevant definitions and statements. Let a{z) be a function which 
is meromorphic in the disk = |z G C jz] < and analytic at the origin. 
Let zi, . . . , Zfhe its distinct poles of multiplicities si, . . . ,S£, respectively, and 
let A = si -|- . . . -1- S£ be the number of its poles in the disk Vr. Suppose that 
p = \zi\ = ... = \z^\ > \z^,+i\ > ...> \Zi\. 

If m = X]j=i or m = J2j=fi-\-i then, by de Montessus's theorem, the 
Pade approximants T^n.m{z) converge to a(z), as n ^ oo, uniformly on com- 
pact subsets of the set \ {zi, . . . , zi} or Vp \ {z^j^i, . . . , z^}, respectively. 
The row of the Pade table with the number m satisfying the inequalities 
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is said to be an intermediate row. Sufficient conditions for tlie convergence 
of the wliole intermediate row has been got in 3 . 

For the row with the number m = A — 1 = J2j=i sj — 1 (the last in- 
termediate row) the asymptotic behavior of denominators Qn, for the 
Pade approximants 7r„_A-i(-z) and ah hmit points of poles of iTn,x-i{z) are 
known. Let us describe these results 2,. The poles zi, . . . , of the max- 
imal modulus we will order in such a way that si > ... > s^. Among the 
poles zi, . . . , we select the poles zi, . . . , Zi, {1 < v < ^ < t) that have the 
maximal multiplicity: si = . . . = Sy > Syj^i > . . . > s^. The poles zi, . . . , 
will be called dominant poles of a{z). Let zi = /je^'^*®^, . . . ,Zy = pe^'^*®". 
Consider the point ^ = i^e^'^^®^ , . . . , g^^^*®"^ belonging to the torus T'^. The 
torus is a compact Abelian group. Denote by F the closure in T*^ of the 
cyclic group {S,^}n£Z with the generator ^. F is a monothetic subgroup of 
the torus T'^. Let r + 1 be the rank over the field of rational numbers Q of 
the system of the real numbers Qq = 1, 0i, . . . , Q^- If r = v, then F = T'^. 
For < r < v the group F is isomorphic to Zq- x T*". In this case the group 
F can be explicitly found if the matrix of linear relations between the ar- 
guments 01, ... , Qiy is known (see [2j, Theorem 2.1). In the problem under 
consideration the group F plays a significant role. The limits of all conver- 
gent subsequences of the sequence Qn,x-iiz) form a family of polynomials 
which is parametrized by F. 

Let Aj be the coefficient of {z — Zj)~^^ in the Laurent series in a neigh- 
borhood of the pole z = zj for the function a{z). Put 



(1) Ci = , 

(., - 1)\z;^-'d]{z,)A, 

where Dj{z) = j^^, D{z) = {z - zif^ ■ ■ ■ {z - z,y^. 

Then the set of the limit points of poles of the sequence 7r„^A-i(-z)> as 
n — > oo, consists of the poles zi, . . . (the multiplicity of the dominant 
poles zi, . . . ,Zy is less by 1), and the set A/jf of the zeros of polynomials from 
the family 

V 

^{z.r) = ^CjAj{z)Tj, r = (ti, . . . ,rj.) G F. 
i=i 

Here A,-(z) = A(z) = [z - z^) ■ ■ ■ {z - z,). 

The set AAp is ci closed, set cind. . . . ^ Zy does not belong to it. Let N be 
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the set of complex points z satisfying the following system of inequalities 
2\CjA,{z)\ <Y,\CkAk{z)\, j = l,...,u. 

k=l 

Then A/if Q AA. Moreover, if r = i/, i.e. the numbers 0o = 1, Oi, . . . ,@u are 
linearly independent over Q, then Mw = (see (21, Theorem 2.6). 

Let us delete the set Af-riPp (AfCiVp) and the poles z^+i, ■ ■ ■ , z^ from Vp. 
The open set obtained we denote by Uf (U). Evidently, U C Uf- Moreover, 
for every dominant pole Zj, j = l,...,z^, there exists a neighborhood Uj 
such that Uj n Pp C U. Our aim is to prove that the sequence T^n,x-i{z) 
uniformly converges on compact subsets of Uf to a{z) as n — > oo. 

To do this we will need the simplified version of the Vitali theorem. 
Recall that a sequence of analytic functions fniz) is called compact in an 
open set G if from each subsequence fuki^) we can select a subsequence 
fnf.Xz) that uniformly converges on compact subsets of G. 

Theorem 1. (Vitali) Let a sequence fn{z) he compact in an open set G. If 
all uniformly convergent on compact subsets of G subsequences fn,.,{z) have 
the same limit function f{z), then the sequence fni^) uniformly converges 
on compact subsets of G to f{z). ■ 

In contrast to the standart version of Vitali's theorem in Theorem 1 we 
require that all subsequences (z) converge to the same limit function 
f{z). The proof of the Theorem 1 coincides with the proof of the second 
part of Vitali's theorem (see p. 371). 

Theorem 2. The sequence 'Kn,\~i{z) uniformly converges on compact sub- 
sets o/Uf to a{z). 

Proof. Let us prove that the sequence TTn,\-i{z) is compact in the set 
Uf. Take any sequence of natural numbers ni, n2, . . . , n^, . . . . From the 
set of points ^'^^ = (e2^*("fe+^)®i , . . . , e2^*("fe+^)®-) G T'^ we can select a 

subsequence that converges to some point tq € T'^. It follows from the 

definition of the group F that tq G F. Let us denote by A^-o the subsequence 
{nfc. + A}^^. Let Kr^ be any compact subset of the dick Vp such that all 
zeros of the polynomial uj{z, tq) and the poles z^+i , . . . , lie outside K^^ . By 
Theorem 2.3 in [Sj the subseqence {T^n,x-i\n^\ _x uniformly converges to 
a{z) on ETt-q- This means that the sequence -Kn^ ^x-iiz) uniformly converges 
to a{z) on compact subsets of Uf, i.e. the sequence ■Kn,\-i{z) is compact 
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in the set Uf. To conclude the proof of the theorem, it remains to apply 
Theorem 1. ■ 
Here we give an example of the determination of the set Uf- For calcu- 
lations we used MapleG. 



Im z 




Re z 



Figure 1. The example of the set of uniform convergence 

Example. Let b{z) be any function which is analytic in the disk Vn, R> 1. 
Let 



r{z) 



+ z 



_ e2^'V2)(^ _ e^-^^^){z - e'^^'^){z - 1/2) ' 
and a{z) = h{z) +r{z). 

The dominant poles of the meromorphic function a{z) are zi = e^'^*^, 
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linearly independent over Q, we have Mw = M and Uf = U. By formula 
(1) wc obtain Ci = 0.70400 + 0.17095 z, C2 = 0.07853 + 0.17437 z, C3 = 
0.29275 + 0.044871 

The boundary of the set N consists of the lines Li,L2,L3, where Lj is 
given by the following equation: 

3 

2\CjAjiz)\ = J2\Ck^k{z)\, j = 1,2,3. 

k=l 

These lines arc shown in Figure 1. Li is a reducible curve consisting of two 
connected components. The set Up is represented by the dark-shaded area. 

If we have known nothing about an arithmetic nature of the dominant 
poles, we can claim that the sequence TTn,x-i{z) uniformly converges on 
compact subsets of U. At last, if the Laurent coefficients Aj of a{z) are also 
unknown, we can only assert that for each dominant pole zj there exists a 
neighborhood Uj such that 7rn,\-i{z) uniformly converges on Uj U Vp. 

It remains to answer the following principle question. Are the limit 
points of poles of the Pade approximants really the obstruction for the uni- 
form convergence? This will be the subject of another paper. 
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